We discuss an ambiguity of the derivation of the Hawking radiation through the gravitational anomaly method and propose modifications of this method such that it reproduces the correct thermal fluxes. In this modified gravitational anomaly method, we employ the two-dimensional conformal field theory technique.
Hawking radiation from black holes is one of the most important effects in black hole thermodynamics and the quantum effect of gravity [1, 2] . There are several derivations of Hawking radiation and recently one interesting method was proposed by Robinson and Wilczek [3] . They considered the effective chiral theory near the horizon and showed that the gravitational anomaly [4] in this effective theory causes the energy flux at the radial infinity which can be identified as Hawking radiation. This effective chiral theory would be related to the effective theory on the membrane in the membrane paradigm [5, 6, 7, 8] and thus this derivation suggests the association between the Hawking effect and the membrane paradigm. This derivation would also connect the Hawking effect with some phenomena in condensed matter physics.
This new interpretation of the Hawking effect was modified by Iso, Umetsu and
Wilczek [9, 10] . Furthermore this method was simplified by using the covariant currents [11] and the spectra of the thermal distribution functions were also reproduced by considering the higher-spin currents [12, 13, 14, 15, 16, 17] . Further developments and the generalization to various black holes were also shown by many authors [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] .
However there is one problem with this derivation. Hirata and Shirasaka [31] found a constant of integration which had not been considered in the calculation of the gravitational anomaly method. We will show that the flux is not fixed owing to this constant.
The purpose of this study is to modify the gravitational anomaly method such that it reproduces the correct fluxes. We will show that in the case of the U(1) current we can derive the flux by considering the chiral current and in the case of the energy-momentum tensor we can derive it by considering the trace anomaly. In these derivations, we will employ the calculation of the fluxes based on the two-dimensional conformal field theory technique [38, 10, 13] .
In section 2, we show the ambiguity in the gravitational anomaly method and we argue for the modifications in section 3. In section 4, we apply this modification to the derivation of the energy flux. Section 5 contains conclusions and discussions. In Appendix A, we summarize the basics of Reissner-Nordström black holes.
We show that the gravitational anomaly method has an ambiguity and discuss the problem with it. We investigate the derivation of the flux of the U(1) current from a 4-dimensional Reissner-Nordström black hole as an example. It will be possible to generalize this argument to other currents and black holes.
First we attempt to derive the flux through the gravitational anomaly method [9, 11] . We consider a matter field in the Reissner-Nordström black hole background. (See Appendix A for the Reissner-Nordström solution.) It is known that the matter field near the horizon can be effectively described as massless fields in two dimensions (t, r * ). Then the covariant U(1) current J µ satisfies the two-dimensional conservation law [14] 
Here e is the electric charge of the matter and F µν is the background field strength. ǫ Note that the central charge of a charged field is twice that of a real field, since it is a complex field. Thus the right-hand side of this equation would vanish in all these cases.
In the gravitational anomaly method [3, 9] , the in-going modes, which are classically irrelevant to physics outside the horizon, are eliminated near the horizon and we divide the outside of the horizon into two: the near horizon region (r + < r < r + + ǫ) and the out region (r + + ǫ < r < ∞) † . Here r + is the radius of the outer horizon and ǫ is an appropriately small parameter. In the near horizon region, the effective theory is chiral since the in-going modes do not contribute. It means that the current in this region satisfies the conservation equation (2.1) with c L = 0 and thus the current is anomalous.
On the other hand, in the out region, the effective theory is still non-chiral (c L = c R ).
Then the U(1) current can be described as
where we have employed step function Θ + (r) = Θ(r − (r + + ǫ)) and H(r) = 1 − Θ + (r). region. These currents satisfy
respectively. Now we consider the total current J µ (total) including the contribution from the near horizon in-going modes. This current should satisfy the conservation equation (2.1) with c L = c R and it can be described as
Here j µ (total) is a possible additional current which satisfies ∇ µ j µ (total) = 0 and K µ is the contribution of the in-going modes which satisfies
In addition, these currents should satisfy
at r = r + + ǫ such that ∇ µ J µ (total) = 0. Since the black hole background is static, the current does not depend on time. Then we can solve the equation (2.3), (2.4) and (2.6) will correspond to the flux which is observed at the infinity. The existence of the integral constant k r was pointed out by Hirata and Shirasaka in [31] but they took k r = 0 in their calculation. This constant will cause the ambiguity as we will argue later. [9, 11] impose the following two conditions:
(2.11) ‡ We evaluate these equations by using the Schwarzschild coordinates. However these coordinates are not appropriate for the calculation of the Hawking effect and we should employ the tortoise coordinate. However we can obtain the same result and we use the Schwarzschild coordinates since the expressions of equations are simpler.
These conditions were supposed to correspond to the Unruh vacuum [10] , which we will discuss in the next section. Then the integral constants satisfy,
A t (r + ), (2.12)
where we have considered the equation (2.7). Thus we obtain J r = −c R e 2 A t (r + )/2π+k r at the infinity and the flux is not fixed. The correct flux, which is expected in the black hole thermodynamics, is J r = −c R e 2 A t (r + )/2π and it is obvious that k r causes the ambiguity.
Surely we can remove this ambiguity by imposing the additional condition k r = 0 as in [31] . However the physical meaning of this condition is not clear. We can find a similar ambiguity in the derivation of the energy flux also.
Modification of Gravitational Anomaly Method
We discuss the modifications of the gravitational anomaly method by considering the chiral current J 5µ . We can solve the anomalous conservation equation of J 5µ in the (t, r)
coordinates as we calculated in the previous section, but the light-cone coordinate (u, v) (A.8) are much useful and we will use them.
Before considering the gravitational anomaly method, we review the derivation of the flux based on the two-dimensional conformal field theory technique [38, 10, 13] since this derivation illuminates our problem.
The two-dimensional chiral current is defined by J 5µ = ǫ µν J ν , where the covariant antisymmetric tensor is ǫ uv = 2e −ϕ in the (u, v) coordinates and ϕ is the background metric (A.8). J 5µ satisfies the anomalous conservation equation (the chiral anomaly) [14] ,
By taking the Lorentz gauge ∂ u A v + ∂ v A u = 0 for the background gauge field, we can solve this equation and (2.1) as
Here j u and j v are integral constants. Strictly speaking, j u and j v should be holomorphic functions with respect to u and v respectively. However since the background is time independent, we can take them as constants. Note that J u (J v ) corresponds to the outgoing (in-going) current.
We can derive the fluxes by imposing the following boundary conditions:
1. Regularity condition: J u = 0 at the horizon.
2. No in-going flux at the infinity:
The first condition means that the free falling observer does not observe the singular flux at the horizon. It is known that these conditions are corresponding to the Unruh vacuum.
(Note that the Boulware vacuum corresponds to the condition J u = J v = 0 at r = ∞ and the Hartle-Hawking vacuum corresponds to J u = J v = 0 at the horizon [39] .) Then the integral constants are fixed as
Thus we obtain the correct flux at the infinity,
This is the derivation of the flux associated with the U(1) current through the conformal field theory technique.
Now we discuss the gravitational anomaly method by considering this derivation. As we argued in the previous section, we take c L = 0 in the near horizon region. It implies that the in-going current (3.15) is modified as
18)
20) 
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24)
Here j (total)u , j (O)u , j (H)u and k u are integral constants. Then it is obvious that J (H)u and J (H)v satisfy the equation (2.1) and (3.14) with c L = 0 in the near horizon region. By considering the conservation equations of the total currents, the integral constants satisfy
as in (2.7). The relations between the integral constants in the previous section and in this section are as follows:
In order to derive the flux, we consider the boundary conditions for the currents. In We impose the following conditions for the currents instead of the condition (2.11).
First we take
The meaning of these conditions is as follows. In the out region, J µ (O) associates with the excitation of the matter field. The observer at the infinity observes this excitation and thus the observable must be J µ (O) only. Thus we take these conditions and ignore j (total)µ in our derivation.
Secondly we take
This condition means that K u does not contribute to the out-going flux since K u is the contribution from the in-going modes.
In addition to these conditions, we impose the boundary conditions corresponding to the Unruh vacuum:
Then we obtain the flux at the infinity,
This equation implies that the origin of the flux at the infinity is j (H)u in the near horizon chiral theory. Thus the Hawking effect can be regarded as the contribution of the near horizon anomalies. Note that k r , which causes the ambiguity of the flux in the previous section, has not been fixed. Even though we could obtain the correct flux since we have derived the in-going and out-going currents at the infinity separately.
Here we summarize the derivation of the modified gravitational anomaly method.
1. Divide the outside of the horizon into two and take c L = 0 in the near horizon and c L = c R in the out region.
2. Solve the conservation equations (2.1) and (3.14) in each region.
3. Impose the conditions (3.28) and (3.29) on the integral constants.
4. Impose the boundary condition (3.30) corresponding to the Unruh vacuum.
Through this procedure, we can derive the flux from the anomalies in the near horizon.
In addition, we can easily show that if we impose the boundary conditions corresponding to the Boulware vacuum or the Hartle-Hawking vacuum instead of the Unruh vacuum, the correct flux can be derived through the same procedure § .
Derivation of Energy Flux through Modified Gravitational Anomaly Method
In this section, we consider the derivation of the energy flux through the modified gravitational anomaly method. As in the derivation of the U(1) current, the anomalous § In the case of the Hartle-Hawking vacuum, the boundary condition of the in-going modes at the horizon is imposed on the total current J (total)v rather than J v in order to reproduce the correct flux. It implies that the effective chiral theory near the horizon is not essential in this case.
conservation equation of the energy-momentum tensor is not sufficient to derive the energy flux at the infinity and we need to consider the trace anomaly equation also. These equations are given by, 33) where R denotes the two-dimensional Ricci scalar [14] . We can solve these equations as,
34)
Here t uu and t vv are integral constants and ϕ is the background gravity (A.8).
Now we regard the near horizon theory as chiral and divide the outside of the horizon.
Then we can obtain the currents. The in-going current becomes
36)
and the out-going current becomes
41) By imposing the condition t (total)uu = t (total)vv = 0 and k uu = 0 and the boundary conditions corresponding to the Unruh vacuum, we obtain
Then the energy flux at the infinity is given by
This result is coincident with the known result [9] .
Conclusions and Discussions
In this Letter, we have discussed the problem with the ambiguity of the gravitational anomaly method. We have shown that, by considering the chiral current and the trace anomaly, the correct fluxes can be derived. Thus we can interpret the origin of the fluxes as the anomalies in the near horizon.
Although we can derive the flux by using the conformal field theory technique without employing the near horizon chiral theory as we showed in section 3, the gravitational anomaly method is attractive since it would relate the Hawking effect to the membrane paradigm and condensed matter physics.
Another derivation of the Hawking effect associated with the gravitational anomaly method was proposed by Banerjee et al [32, 34] . They omitted the separation of the outside of the horizon and applied the anomaly equation (2.4) to the theory in the whole region of the outside. If we impose the condition J r (H) = 0 at the horizon, we can obtain the flux j r (H) and they interpreted that this flux is the Hawking radiation observed at the infinity. If we admit this derivation, the ambiguity which we have discussed in this article does not exist. However this derivation is physically not correct, since the theory in the region apart from the horizon is not anomalous and we cannot use (2.4) in this region.
In addition, the expectation value of the current J r (H) is not coincident with the correct current at finite r because of the existence of the anomalous term e 2 A t (r)/2π in (2.9).
Thus we avoided using the derivation [32, 34] in this article.
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A Reissner-Nordström black hole
We summarize the basics of Reissner-Nordström black holes. The metric and the gauge potential of Reissner-Nordström black holes with mass M and charge Q are given by Here the surface gravity at r ± is given by
We define the light-cone coordinates, u = t − r * and v = t + r * . u(v) are the out-going (in-going) coordinates and the metric in these coordinates becomes as
If we restrict to see the two-dimensional (r, t) section, both of these coordinates (A.7), have the forms of the conformal gauge 8) where ϕ = log f . In this coordinate, the gauge potential becomes A u = A v = A t /2.
